Abstract. -The luminosity function of white dwarfs can be used to obtain helpful information about the properties of the Galaxy and allows one to discriminate among different models of galactic evolution. In this paper we provide the necessary tools to construct theoretical luminosity functions for any star formation rate, any initial mass function, and any relationship between the mass of the white dwarf and the mass of the progenitor.
Introduction
The comparison between the theoretical and the observational luminosity functions of white dwarfs is a powerful tool to determine some aspects of galactic evolution, such as the history of the star formation rate (Noh & Scalo 1990; Díaz-Pinto et al. 1994) , the age of the disk (Winget et al. 1987; García-Berro et al. 1988a, b; Hernanz et al. 1994) , or the properties of the halo (Mochkovitch et al. 1990 ). Nevertheless, this comparison demands reliable theoretical white dwarf luminosity functions which, in turn, require an accurate white dwarf cooling theory.
One of the most important phenomena occuring during white dwarf evolution is crystallization. Two essential physical processes are associated with solidification, namely a release of latent heat and a chemical fractionation in the mixture, which both provide extra energy sources and lengthen the cooling time of the star. Although the release of the latent heat has been included in the calculations of the energetic balance of cooling white dwarfs for a long time (Van Horn 1968; Lamb & Van Horn 1975; Iben & Tutukov 1984; Wood 1992) , the effect of chemical fractionation, though energetically dominant, has been usually ignored, essentially because the accurate treatment of such process requires much more complicated calculations. This effect depends on the shape of the phase diagram and on the initial chemical profile of the white dwarf. The most accurate calculation of the properties of arbitrary binary ionic mixtures is that of Segretain & Chabrier (1993) . These authors find that the shape of the phase diagram for the carbon-oxygen binary mixture is of the spindle form and therefore their predicSend offprint requests to: E. García-Berro tion is that some chemical fractionation would occur when crystallization sets in. Although there is little doubt about the shape of the phase diagram, there is still some debate about the question of whether the process of chemical fractionation would operate in real stars with 100% efficiency. The consequences of this process on the cooling of white dwarfs and on the white dwarf luminosity function have been presented elsewhere Hernanz et al. 1994) .
The purpose of this paper is to provide a simple method to construct accurate enough white dwarf luminosity functions to test different theoretical models of galactic evolution.
The luminosity function
In order to avoid the influence of the initial conditions, which are poorly known, calculations start at luminosities around L 0 = 10 −1 L . In fact, the time necessary to reach such a luminosity is very short. Thus, if the hydrogen envelope is thin enough, nuclear burning contributions can be ignored and the luminosity of the star only arises from the thermal and gravitational energy release. Therefore, the equation of conservation of energy reduces to:
where B = E+Ω is the binding energy of the star, E and Ω are the thermal and gravitational energies, respectively, L is the photon luminosity and L ν is the neutrino luminosity (Díaz-Pinto et al. 1994; Segretain et al. 1994; Hernanz et al. 1994) . The luminosity function is given by
where ψ is the star formation rate per unit volume, φ(M ) is the initial mass function, M is the mass of the progenitor of the white dwarf, t disk is the adopted age of the disk, and t cool is the time required to cool down to a luminosity L, given by
where L tot = L + L ν is the total luminosity (photon plus neutrino). The characteristic cooling time,
M s is the maximum mass of the progenitor of a carbonoxygen white dwarf. We have chosen M s = 8 M but the results are relatively insensitive to the exact value of M s , M i is obtained from:
The proportionality constant in Eq.
(1) can be obtained by fitting the theoretical white dwarf luminosity function to the observations (Liebert et al. 1988) .
Note that in Eq.
(1) we are using the mass of the progenitor instead of the mass of the white dwarf. Therefore, a relationship linking both masses must be provided. As seen in Eqs. (1) and (2) we also need the lifetime of the progenitor of the white dwarf, t ms , and therefore this must be also provided.
The cooling sequences
The equations of state used to compute the cooling sequences have been presented in previous papers Chabrier 1993) . They allow an accurate treatment of both the liquid and the solid phases, in order to take into account the effects of solidification in the cooling process. Concerning the phase diagram for the carbonoxygen mixture, the most recent results of Segretain & Chabrier (1993) are adopted.
The initial composition of the white dwarf has been taken from the results of evolutionary calculations of Mazzitelli & D'Antona (1986) , which give chemical composition profiles enriched in oxygen in the central regions (i.e. with an initial stratification) for low mass and moderately massive carbon-oxygen white dwarfs (0.50 M ≤ M WD < 0.95 M ), but flat profiles for very massive white Fig. 1 we show the oxygen abundance by mass before the onset of crystallization for white dwarfs of masses M WD = 0.6, 0.7, 0.8 and 0.9 M . Each profile is labelled with its corresponding mass of the white dwarf. The adopted chemical profile for the 0.5 M white dwarf is identical to that of the 0.6 M . Models with initial abundances X C = X O = 0.5 by mass everywhere (i.e. assuming no previous stratification) have also been computed for comparison.
The binding energies before the onset of the solidification process can be fitted as a function of the temperature of the isothermal core by an expression of the form:
where T 6 = T /10 6 , whereas once the solidification process sets in at the center of the star, a polynomial of the form:
is adequate. Note that the coefficient b 1 does not appear in the last polynomial. The physical reason is that the binding energy must be minimum for T = 0 (i.e.: zero derivative for T = 0). Tables 1 and 2 display these coefficients for the flat initial profiles and Tables 3 and 4 display the coefficients obtained for the stratified profiles. The temperature at which solidification starts at the center, T sol 6 , is also shown in Tables 1 and 3 for the flat and stratified initial profiles respectively. It should also be noted that Tables 3 and 4 display only the coefficients of the binding energy for masses in the range 0.5 to 0.9 M since massive white dwarfs do not present stratified initial profiles (Mazzitelli & D'Antona 1986) . In order to compute t cool and τ cool it is necessary to adopt a relationship between the luminosity of the white dwarf and the temperature of its isothermal core. Of course this relationship depends on the properties (mass, chemical composition, metallicity...) of the adopted envelope for the white dwarf model as well as on the mass of the white dwarf. This relationship must be obtained from a grid of detailed calculations of white dwarf model envelopes. A useful interpolation tool for white dwarfs of any mass is given by the following expression:
However, given the strongly peaked mass distribution around 0.6 M it is enough to obtain L(T ) from a fit of the internal temperature-luminosity relationship for a given model envelope of a 0.6 M white dwarf. This scaling law takes into account the leading term in the mass dependence of the luminosity of the white dwarf and has been compared with detailed evolutionary cooling sequences covering a wide range of masses and luminosities (Wood 1990 ). The accuracy is better than 15% for any mass of the white dwarf at any temperature in all the cases considered here. Furthermore since the dominant contribution to the white dwarf luminosity function is given by white dwarfs of 0.6 M this approximation is enough for many purposes.
We have also computed neutrino luminosities for the full range of white dwarf masses assuming an isothermal core and using the most recent neutrino rates (Itoh et al. 1992) . For the range of luminosities considered here (corresponding to core temperatures lower than T = 5 10 7 K) the temperature inversion in the core has disappeared (Wood 1990; Iben & Tutukov 1984) and this approximation can be regarded as fair enough. The results can be fitted by the following expression log(L ν ) = c 3 (log T 6 ) 3 + c 2 (log T 6 ) 2 + c 1 (log T 6 ) + c 0 and the corresponding coefficients can be found in Table 5 .
It is important to note that the neutrino luminosity, which is the most important energy leak at high temperatures, is completely negligible at low temperatures. This can be seen in Fig. 2 where we have plotted the neutrino luminosity and the (photon) luminosity of a 0.6 M white dwarf -see Sect. 4 below -as a function of the temperature. Neutrino cooling affects exclusively the characteristic cooling times (and therefore the shape of the luminosity function) at high luminosity but not the total cooling ages since its effect is significant only at high luminosities where the cooling ages are extremely short. For comparison in Fig. 3 we have plotted as a function of the (photon) luminosity -see Sect. 4 below -the neutrino luminosity for a 0.6 M white dwarf computed with the most recent rates of Itoh et al. (1992) -solid line -the neutrino luminosity obtained using the old rates of Beaudet et al. (1967) , for the plasmon, photon and pair neutrino processes, and the rate from De Zotti (1972) for the bremsstrahlung process -short-dashed line -and the neutrino luminosity obtained by Wood & Winget (1989) -dashed line. As can be seen our approximation is in very good agreement with the results of Wood & Winget (1989) when the same constitutive physics are considered. This result validates the approximation of assuming an isothermal core. It is also important to stress that the contribution of the bremsstrahlung process to the total rate of neutrino losses is larger when the rates of Itoh et al. (1992) are considered. This is noticeable since it affects the cooling times of the hottest white dwarfs.
Results
Figure 4 displays an example of the procedure described above. The solid line shows the white dwarf luminosity function computed assuming flat initial profiles of the carbon-oxygen dense plasma and the dotted line is the white dwarf luminosity function assuming a previous stratification of the carbon-oxygen mixture. In both cases we assumed a constant star formation rate and Salpeter's IMF. The adopted age of the galactic disk is 10.5 Gyr in both cases. The mass of the white dwarf progenitors was taken from Weidemann & Koester (1983) . The adopted lifetime in the main sequence for the progenitors of white dwarfs was taken from Iben & Laughlin (1989) . A helium envelope of M He = 10 −4 M WD was used (Wood & Winget 1989) . This model envelope can be considered as representative of a non-DA white dwarf atmosphere. The corresponding fit to the core temperature-luminosity relationship is log L(T ) = 1.98695(log T 6 ) 5 − 8.15521(log T 6 ) 4 + 11.863(log T 6 ) 3 − 6.88515(log T 6 ) 2 + 3.16893(log T 6 ) − 4.56649. As can be seen from Fig. 4 the agreement between the computed white dwarf luminosity function and the observations is good. At high luminosities (log(L/L ) > −2) the computed white dwarf luminosity function does not fit the observational data due to the enhanced neutrino Fig. 4 . The white dwarf luminosity function of CO white dwarfs assuming a flat initial profile (solid line) and a stratified initial profile (dotted line) of the carbon-oxygen binary mixture and an age of the disk of 10.5 Gyr. The observational data have been taken from Liebert et al. (1988) emission rates of Itoh et al. (1992) . The computed luminosity function shows a series of steps that are due to the poor resolution in mass. The locations of these steps are associated to the onset of crystallization and phase separation at the center of the star for the succesive masses of our cooling sequences. These steps are smeared out when a finer grid of cooling sequences is adopted. The bump at log(L/L ) ≈ −4 is due to the release of gravitational energy caused by chemical fractionation. Finally, the cut-off of the computed white dwarf luminosity function is produced by assuming a finite age of the solar neighborhood. The location of the cut-off is not affected by the size of the adopted grid of the cooling sequences. Since the amount of carbon in the central regions of white dwarfs is larger when flat initial profiles are assumed, the release of gravitational energy due to phase separation is larger and therefore the cut-off of the white dwarf luminosity function is shifted towards higher luminosities. For the same reason the amplitude of the bump at log(L/L ) ≈ −4 is larger when flat initial profiles are adopted. Table 6 displays for comparison t cool and τ cool for a 0.6 M when the initial chemical profile is stratifiedCols. 2 and 3 -and the same quantities when the initial chemical profile is flat -Cols. 4 and 5. Detailed cooling sequences for white dwarfs of any mass can be obtained on computer readable form upon request to the authors. 
Conclusions
We have developed a simple method to derive theoretical white dwarf luminosity functions. This method is based on analytical expressions for the relevant quantities of the cooling of white dwarfs such as the cooling times and the characteristic cooling times. These quantities can bederived from fits to the binding energy, once a relationship between the core temperature and luminosity is provided. We have computed binding energies with the most up to date equation of state available, taking into account all the physical processes related to solidification, and in particular chemical fractionation. We have also computed neutrino luminosities using the most recent neutrino rates available. The relationship between the internal temperature and luminosity can be obtained from detailed evolutionary models published elsewhere, which of course depend on the adopted envelopes. Here we have computed white dwarf luminosity functions for two cases of initial chemical profiles and a non-DA model envelope as an example to illustrate the use of the method. Our procedure avoids the developement of a true stellar evolution code, and thus provides a simple, powerful tool to use the white dwarf luminosity function to investigate galactic properties.
